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Introduction
Let G be a simple graph with the vertex set V and the edge set E. A drawing of G is in the plane R 2 is an immersion φ : G → R 2 such that (1) φ(v) ∩ φ(x) = ∅ for each v ∈ V (G) and x ∈ (V (G) ∪ E(G)) − {v}, and (2) φ(e) ∩ φ(f ) is finit for each pair{e, f }of edges of G The drawing is called good, if for all φ(E), no one crosses itself, no two cross more than once, and no more than two cross at a point in the plane. A crossing in a good drawing is a point of intersection of two elements in φ(E). A good drawing is said to be optimal if it minimizes the number of crossings. The crossing number cr(G) of a graph G is the number of crossings in any optimal drawing of G in the plane.
The circular graph C(n, m) is such a graph that whose vertex set is {v 0 , v 1 
, where m, n are natural numbers, addition is modulo n, and m < n 2 . G(n, m) has been studied in many contexts. Its crossing number is an interesting object [6] . The crossing number of C(n, m) was initially investigated in papers [3] and [5] , which gave an upper bound on the crossing number of C(n, m). Since C(2m + 2, m) is planar for m = 2, we always assume m ≥ 3 in this paper, and will prove cr(C(2m + 2, m)) = m + 1.
For graph theory terminology we refer to [2] .
The Main Result
, which is Hamiltonian cycle of C(2m + 2, m). Draw it in the plane with m + 1 ver- 
, then those edges that belong to E(C(2m+2, m))−E(C 2m+2 ) also form a Hamiltonian cycle which can be found in Fig.(1) , denoted by C 2m+2 , i.e, 
Now we discuss the case that m is even. Draw C 2m+2 in the plane with its If m is odd, we define a mapping ϕ 2 from the vertices of C(2m
By analogue of the case that m is even, ϕ 2 is an automorphism of C(2m + 2, m).
Combining the above two cases, we get the following result. Lemma 2.2 Let ϕ = ϕ 1 if m is even, and ϕ = ϕ 2 if m is odd. Then ϕ is an automorphism of C(2m + 2, m). If 
In ( Proof We prove the Lemma by induction on m. The base case is m = 3. We know cr(C(8, 3)) = 4 by Lemma 2.4, which means the proposition holds.
Suppose that the inequality holds for
. We claim that every such cycle receives at least 2 crossings. Otherwise, there exists some cycle which receives 0 or 1 crossing. If the cycle receives 0 crossing, then it satisfies the demands of Lemma 2.3. Then the number of crossings in any optimal drawing of C(2k, k − 1) is no more than k − 1, a contradiction. If the cycle receives 1 crossing, then there exist a pair edges of the cycle which are not incident with the same vertex such that they receives no crossing, because two edges being incident with the same vertex don't intersect in a good drawing. By Lemma 2.3, it is easy to result a contradiction to the induction assumption. So our claim is correct.
In the case that any cycle C i (i = 0, 1, · · · , k) receives at least 2 crossings, we construct a graph G with vertex set is {u 1 Therefore |E(G)| ≥ |V (G)|, which means cr(C(2k + 2, k)) ≥ k + 1,a contradiction to the induction assumption. So the claim that cr(C(2k + 2, k)) ≤ k doesn't hold. This is to say cr(C(2k + 2, k)) ≥ k + 1, when m = k. The proof is completed.
Theorem The crossing number of C(2m + 2, m) is m + 1. Proof The result is induced by Lemma 2.1 and Lemma 2.5 directly.
